Anisotropic fluid in a time dependent conformally 

flat spacetime 

Hristu Culetu 
Ovidius University, Dept. of Physics and Electronics, 
B-dul Mamaia 124, 900527 Constanta, Romania 
email : hculetu@yalioo.com 

March 15, 2013 

Abstract 

The special conformal transformation (composed by inversion - trans- 
lation - inversion) is used to generate a time dependent conformally flat 
spacetime. In order to be an exact solution of Einstein's equations, we 
need as a source a stress tensor corresponding to an anisotropic fluid with 
negative regular energy density and positive pressures. For the static 
approximation, the generators of the infinitesimal transformation resem- 
ble those recently obtained by Majhi and Padmanabhan for the coordi- 
nate transformation leading to the "near horizon" Schwarzschild metric 
in Kruskal coordinates. The static approximation corresponds to an en- 
ergy momentum tensor of A - form, the " cosmological constant" A being 
proportional to the acceleration squared. 

1 Introduction 

Many attempts have been made to extend the relativity of motion in the frame- 
work of the special theory of relativity, including transformations between ac- 
celerated coordinate systems. While Page [T] proposed a detailed theory of the 
kinematical part of the matter, Robertson [2] has given a penetrating treatment 
of the general mathematical theory. A link between Page's theory and the 4- 
dimensional 15 parameters conformal group has been pointed out by Engstrom 
and Zorn f3] whilst Hill ]1] developed a mathematical method (on the basis of 
Lie theory of the conformal group) on the transformation to accelerated axes 
which has a geometrical interpretation in terms of the inversive transformation. 
Although the conformal group contains the 10 parameters Lorentz group as 
a subgroup, the physical meaning of some of its operations (dilatation or the 
special conformal transformation) [5 is still under debate. 
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2 Special conformal transformation 



It is a known fact that the special conformal transformation is a part of the 15 
parameters conformal group, including the 10 parameters of the Lorentz group. 
It contains also an extra dilatational parameter and another four characterizing 
the special conformal transformation [H O [7] 

^'b ^ x'' - a^'xcx" 

1 - 2abx'' + a^XbX^ ^ ' ' 

where a? — rjhcof'a'^, x'^Xc = rjabX°'x^ is the Minkowski interval, r]ab — diag{~l, 1,1,1) 
and is a constant vector with dimension of acceleration [7] . The latin indices 
run from to 3 (in the order t,x,y,z) and we take G = c — 1, unless oth- 
erwise specified. The coordinate transformation (2.1) becomes the Newtonian 
acceleration transformation when c oo, which leads to a;' = x + at^ (for 
unidimensional uniformly accelerated motion, the classical acceleration being 
2a > 0), with = (0,a, 0,0). It is composed of the following set (inversion - 
translation - inversion) 

^b^^^k\^-a'')^x''' (2.2) 

where the constant k (with units of length) was introduced for dimensional 
reasons. 

The above set of transformation changes the Minkowski line element ds^ = 
riabdX''dX^,X<' = (r,X,y,Z) into 

- il-2aJ+a^XbX^y ^^'''''^'^' ^'''^ 
The metric (2.3) may also be written as 

2_ -dt^ + dx^ + dy"^ + dz^ 

" [(l-a2;)2-a2(i2_y2_^2)]2 ( • ) 

The geometry (2.3) is, of course, flat, being obtained from the Minkowski metric 
by means of the set of transformations (2.2). It is singular on the expanding 
null sphere {x — i)^ -\- y"^ -\- z'^ = t'^, with the center located at (1/a, 0, 0). The 
spacetime (2.3) is not spherically symmetric due to the special direction of a. 
It acquires spherical symmetry if the translation x a; — 1/a is performed. 

3 Near x-axis case 

Let us now consider that our accelerated observer is located close to the x-axis, 
so that \J y^ ^ << x. In other words, he finds within a thin tube centered 
on the X-axis. Therefore (2.4) becomes now 

^ 2 _ -dt^ + dx^ + dy^ + dz^ 

~ [(1 - ax)2 - a2i2]2 ^■^■'> 
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The geometry (3.1) is no longer flat because of the approximation used. We en- 
counter a similar situation near the black hole horizon where the Schwarzschild 
metric acquires a Rindler form P 

ds^ = -^—^dt^ + dr^ + Wfdei^ + sin'^edct)'^) (3.2) 

2m r — 2m, 

where m is the black hole mass. Nevertheless, only the two-dimensional form of 
(3.2) is flat {9, cj) = const, or A9 and Ai^ are negligible w.r.t. tt). The restriction 
r w 2m only is not enough to get flat Rindler spacetime. We may actually travel 
around the black hole close to the horizon and feel its curvature. That could be 
seen from the nonzero component of the Riemann tensor for the metric (3.2), 
namely R^'^ e4> = l/^m^- 

The spacetime (3.1), not being flat, it would be interesting to find what 
is the source of curvature, i.e. the stress tensor from the r.h.s. of Einstein's 
equations Gab = 87rTaft. The calculations give us the nonzero components 

^2 

T\^-p^—[{l- axf - ah^] = = 2p^ (3.3) 

TT 

where Px = is the pressure of the anisotropic fluid along the x-axis and pj_ 
refers to the transverse coordinates y and z. Noting that T1 is diagonal, so the 
fluid is comoving. For the time being we consider / = f{x, t) — {l~ax)'^ — a?t^ > 
0, which covers two quadrants in a; — t plane, bounded by the null surfaces 
X — ±t+ (1/a). These surfaces are null geodesies (obtained from ds^ = 0) for a 
photon traveling parallel with the z-axis (y, z = const.). From (3.3) we observe 
that p < 0; Px, p± > and the spacetime has negative curvature: R'^^ — 
—24a^f < 0. In addition, the Kretschmann scalar is given by RabcdR"^^'^'^ = 
12%a^p. We must stress that, even though the metric (3.1) is singular for 
/ = 0, however p,px,p±, R^ ^^id the Kretschmann scalar are regular there. 
Moreover, they vanish at the boundaries of the spacetime, f — 0. It is worth 
noting that, a "static" observer in the accelerated system (say, x — Xf) = const.) 
moves hyperbolically w.r.t. a Minkowski observer. To show this, we have to 
eliminate t between the equations 

r_ * x-ajx^-e) 

{l-axo)^-aH^' (1 - axo)^ - aH'^ ^ ' 

One obtains the hyperbola 
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a 2a(l — axo) 



Let us now take into consideration a congruence of " static" observers with the 
velocity vector field 

u'^ = (/, 0,0,0), u''ua = -l (3.6) 

in the spacetime (3.1). One may check that the above congruence is not geodesic, 
the acceleration 4 - vector being given by 



A'' = u'^Vau'' = (0, 2a(l - ax)f, 0, 0), VgtcA^A"^ = 2a|l - ax\, (3.7) 
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where gtc corresponds to the metric (3.1). One sees from (3.7) that > in 
one of the two quadrants (where x > 1/a) and a'^ < in the other quadrant 
(x < 1/a). This could be also noticed from A''nb ~ 2a(l — ax), where n'' = 
(0, /, 0, 0) is the normal to the x = const, surface. 

As far as the scalar expansion of the congruence is concerned, (3.6) yields 

Q = WaU^ = ^j^{V^u^)=6a\ (3.8) 

where g is the determinant of the metric (3.1). For the time evolution of the 
expansion we have 

6 EE u"V„e = 6a2/, (3.9) 

which is always positive. We observe that & (x t and 8 > in the chosen 
quadrants. One results that the anisotropic fluid expands for t > and shrinks 
for t < 0. We also obtain that aab = 0, ujab — 0, where aab and ujab are, 
respectively, the shear and vorticity tensors of the fluid. 

The trace of the stress tensor is given by = Sa^f/ir > 0. It is vanishing 
on the null boundary / = 0, i.e. x = ±t + (1/a), as expected. Tj' can be put 
in a general form, characterizing an anisotropic fluid without heat flux 

Ti = {p + P±)uau'' + p^Sl + [p., - pA^nan\ (3.10) 

with n°-Ua — 0. 

It is instructive to investigate the behaviour of our physical system on the 
other two quadrants of the x — t plane, where / < 0. The result is that 
Rab,Gab, R°'a-< ^abcd changc their sign, preserving their form. Hence, the scalar 
curvature is now positive and p > 0, while Px,P± < 0. In addition, we may 
no longer have u* = /, because — dt/dr should be positive (r is the proper 
time). Therefore, it is mandatory to take = (— /, 0, 0, 0) from the very begin- 
ning. With this new u", the scalar expansion 8 = —Qa?t and 8 = 6a^/ change 
their sign. 



4 Static approximation 

Let us focus now on the static situation. We shall therefore neglect the second 
order terms containing a^x"^ and o?t^ in the metric (3.1), apart from the small- 
ness of y and z, preserving the flrst order terms in acceleration (our observer is 
considered to be located close to the origin of coordinates in the plane x — t). 
Consequently, the geometry (3.1) acquires the static conformally flat form 

, n -dt"^ + dx^ +dy^ + dz^ , , ^ , 

= (1^2^^ ^'-'^ 

Our approximation resembles the Majhi and Padmanabhan (MP) one [9]. They 
retained only the terms linear in the surface gravity n when they computed 
the infinitesimal form of the coordinate transformation leading to the Rindler 
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and "near horizon" Schwarzschild (in Kruskal coordinates) metrics, respectively 
(see their Eqs. 28 and A3). The transformation (2.1) becomes in the static 
approximation 

T = ^t{l + 2ax), X = ^— ^ « X + a(a;2 + i^) (4.2) 

1 — Zax i — Zax 

where (T, X) are the Minkowski coordinates. 

It is a weh-known that the set of transformations (2.1) is reversible, namely 
it preserves the final form (when we pass from x"^ to x'^, with the only change 

— >■ —a^), as for the Lorentz transformation, where we have v — > —v. One 
observes from (4.2) that the generators of the infinitesimal transformation 

=t-T = -2axt, q"" = x - X = -af - ax^ (4.3) 

are similar with those obtained by MP [9 (Eq. A3, where their tortoise coor- 
dinate corresponds to our x and the surface gravity k corresponds to 2a, as 
it should be). The fact that the infinitesimal transformation concide for the 
special conformal transformation and for the Kruskal-like metric from the MP 
paper deserves, in our opinion, a deeper analysis. 

We wish now to investigate what sources are necessary on the r.h.s. of 
Einstein's equations for the geometry (4.1) to be an exact solution. A straight- 
forward calculation gives us 

n = -p=|^, p=n = n = n = |^ (4.4) 

In other words, this time we deal with a perfect fluid given by the equation of 
state p = —p. Hence, the energy- momentum tensor represents a negative "cos- 
mological constant" A = — 12a^ (noting that the scalar curvature is also nega- 
tive, = — 48a^, but the Kretschniann scalar acquires the value K = 384a4). 
Surprisingly, the stress tensor and the curvature invariants are constant every- 
where, even though the metric is x— dependent. Moreover, the energy density 
is proportional with the acceleration squared, as in Newtonian mechanics. As 
an order of magnitude, we evaluate the energy density for a = IQ^cm/ . One 
obtains p — —2>a?/2'KG k, —IQ^^erg/cw?. For the " cosmological constant" we 
have |A| = 120^^/0^ « b.lQ-^^cm-'^ . 

Taking again a congruence of static observers with the velocity fleld = 
(1 — 2aa;, 0, 0, 0), one obtains for the kinematical parameters of the congruence 



= (0,2a(l-2aa;),0,0), ^gbcA^A^ = 2a, 6 = 0, a^b = c^ab - 0. (4.5) 

We get now a constant invariant acceleration. The nongeodesic congruence has 
a vanishing expansion due to the static character of the metric used. Since = 
2a(l — 2aa;) > 0, the field is attractive. Though the metric (4.1), being curved, 
cannot be obtained from Minkowski's geometry by a coordinate transformation, 
the interpretation of 2a as the invariant acceleration is still valid. 
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5 Conclusions 



We generate a time dependent conformally flat spacetime by means of the special 

conformal transformation of the 15 parameters conformal gronp that contains 
the Lorontz group as a subgroup. Neglecting the variation of the metric with 
the transversal coordinates, the new spacetime obtained is an exact solution of 
the Einstein equations with a stress tensor of an anisotropic fluid with negative 
energy density. The boundaries of the spacetime are the null surfaces x = 
±t + (1/a). All the curvature invariants are flnite in the entire spacetime. In 
addition, the stress tensor corresponding to the static approximation is of A 
- form, with an energy density proportional to the acceleration squared, as in 
Newtonian mechanics. 
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